This paper addresses the mathematical modeling and analysis of the quorum sensing system found in unicellular bacteria that exhibit bioluminescence. The luminescence is governed by the expression of genes in the cell, which in turn is controlled by the density of cells in a population. The paper illustrates the application of standard tools in control theory and some recent tools in hybrid systems to the quorum sensing system, and demonstrates that bioluminescence can be modeled and understood as the output of a switched dynamical system.
Introduction
Vibriojisckeri is a marine bacterium which can be found both as free-living organism and as a symbiont of some marine fish and squid. As a free-living organism, V jiskeri exists at low densities and appears to be non-luminescent.
As a symbiont, the bacteria live at high densities and are, usually, luminescent.
The luminescence in I! fisckeri is controlled by the transcriptional activation of the lux genes. The lux regulon [IO] is organized in two transcriptional units, OL and OR. See The lux box is in the middle of a regulatory region between the two transcriptional units (operons). This region also contains a binding site for C W . The transcription from the luxR promoter is activated by the binding of CRP to its binding site, and the transcription of the luxxlCDABEG by the binding of CO to the lux box [4] . However, growth in the levels of CO and cAMP/CRF' inhibit luxR and lux/CDABEG transcription, respectively. These feedback loops are shown through dotted arrows with '+' and '-' signs in Figure 1 .
Our goal in this paper i s to develop and analyze a model for the genetic regulation of luminescence in Vibrio fisckeri [4, 101. Our approach to understanding the bacterial quorum-sensing system couples standard tools in control theory 161 with some recent tools that have been developed for hybrid systems 17, 81. We will he interested mainly in studying the stability and reachability of possible equilibrium points. For example, one can ask if a single Vjircheri bacterium in the right environment can eventually reach a steady state of luminescence. In our work, this translates to the existence, stability and reachability of an equilibrium in a discrete mode of the hybrid system.
We focus on two forms of V fiscker? an isolate from nature (wild rype) with the native quorum-sensing system intact and a mutant strain of this species 141 that is defective in one of the key regulatory elements of the system. We first develop continuous and hybrid models for the biochemical reactions in the wild type in Section 2, and then simulate them to study the quorum sensing phenomenon in Section 3. The hybrid model lends itself to the computation of equilibrium points and the analytical study of stability of the equilibrium points in Section 4. The reachability analysis of a luminescent equilibrium in a mutant is developed in Section 5. Finallv. we formulate our conclusions. the observations documented in [4] and is described by: (2) where X is the concentration of some species with regulatory effect on the transcription of mRNA m. vXm is called the cooperativity coefficient and K X~ is the concentration of X at which transcription of m is "half-maximally" activated. The graph of function $, the so called sigmoid, is given for illustration in Figure 2 . To model the luminescence phenomenon in V fischeri, we restrict our attention 
Simplified hybrid model
The continuous curve describing the regulation of transcription in Figure 2 little experimental data confirming the exact shape of the sigmoid curve in the figure and we lack experimental data needed to estimate parameters like n and U. as in (I) . In the absence of such data, it is simpler to pursue piece-wise constant approximations to the function that map the degree of activatiodinhibition of transcription of a gene to intervals of concentration of activatorlinhihitor. Figure 2 shows models that effectively give different levels of activation of a gene as a function of the concentration of the regulator.
One can also imagine a more sophisticated n-step approximation. From a system analysis point of view, dealing with such piecewise constant functions describing transcription is advantageous, because it allows us to abstract a nonlinear system as a switched, lower dimensional, system that may be easier to analyze because of the absence of the sigmoid nonlinearity.
To derive the simplified hybrid model, we disregard the growth of the population xo and, consequently, the dilution. This situation corresponds to a completely grown or to a growth-controlled population. Also, the mRNA dynamics are assumed to be fast (instantaneous) [2] . With these assumptions, the equations for mRNA become linear and independent of the other equations in the model. . ' , , , , , < c c x p < &&, .
A generic mode labeled (ij)
. . , n -1) has constant mRNA concentrations given by:
..
In (3, the non-trivial dynamics are described by 
Stability analysis
For the simplified hybrid model in Section 2.2, equilibria and their stability are determined by the non-trivial dynamics in (4). The Jacobian J;j (whose expression is omitted for simplicity) of (4) An estimate of the region of attraction can he easily constructed around the (possible) equilibrium of each mode due to the special form of the nonlinearity. By abuse of notation, let the translated state z -zy be denoted by z again.
The system describing the dynamics of mode (ij) around its equilibrium translated at the origin is of the form j . = Jijz + g(z) (6) where Jij is Hurwitz. We use the vanishing perturbation technique [6] to construct an ellipsoidal region of attraction around the origin of (6), and, eventually, translate the el- Let V(z) = z T P ; j z be the corresponding Lyapunov function for the linear part of (6) and a possible candidate for the nonlinear system. The derivative of V(z) along the trajectories of (6) i s given by:
If z is in the region between two hyperplanes in R' containing the origin of the form IzTPijpl < n, then it is easy to see that I( < ~/ T A I R is a sufficient condition for V ( z ) < 0.
To find an estimate for n, we solved the constrained optimization problem
The conclusion is that the maximum ellipsoid of attraction is of the form If the ellipsoid described by (7) is completely included in the invariant of mode (ij). then we can conclude that it is indeed an attractive set for the switched system (4). Otherwise, it needs to be shrunk until the inclusion condition is satisfied.
Besides stability, another interesting question for both biologists and control engineers would be what makes the system switch among modes. For example, given a (desired, luminescent) stable equilibrium, with the above method we can construct a region of attraction within the corresponding mode, but can the ellipsoid be reached from other (nonluminescent) modes? This is a reachability problem, which we cannot solve using existing tools. However, we can solve such reachability problems for a mutant of Vfischeri where luminescence is described by linear switched dynamics.
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Another interesting question from a biologist's standpoint relates to reachability. For example, can a cell population from a specified initial condition reach an equilibrium that corresponds to luminescence. Obviously the stability of the equilibrium does not help us answer this question. This is a so-called reachability problem. In this section, model a mutant of V fischeri where the luminescence is described by linear switched dynamics, and show how such questions can he answered.
We consider the mutant of Vfischeri described in [9] that disrupts the operon structure, and, therefore, the regulatory system described above. In the mutant, the luxR gene is deleted from its normal location and a copy is placed in a plasmid (a separate piece of DNA) and incorporated hack into Vfischeri. The plasmid copy of /uxR is under control of a different promoter that yields a constant, high rate of transcription unaffected by any of the molecules described above. We assume a constant concentration of protein LuxR at 5 3 = 10000nM, and the CRP concentration is low (regulation kept at &=O). The model becomes linear with nontrivial dynamics for mode (ij) in the form x = Ax + bij, where z = [q z7 x8IT and
The unique equilibrium of mode (ij) is given by:
The eigenvalues of the matrix A show that the equilibrium points are asymptotically stable.
Note that the stability result is not a global result. The eigenvalue analysis tells us that if the system starts from a point within the mode (ij), it converges to the equilibrium point. However, it does not tell us anything about initial conditions that may lie in a different mode. This is the main motivation for reachability analysis.
We consider a simple case study in which the system is composed of two modes (00) and (IO), which we call nonluminescent (non-lum) and luminescent (lum), respectively. and determine all states that can reach F by performing backward reachability analysis. The two modes lead to the hybrid automaton model [I] shown in Figure 4 ). The Figure 5 (a) ). Then, to determine the states from which the system can switch to mode non-lum (backward in time), the intersection of RI,, with the switching plane z g = xg,, is computed, which gives the set IOOO] . Starting from the intersection, the tool computes the set Rnan-~um backward reachable by mode non-lum (see Figure 5 (h) ). This example illustrates how one can predict the initial conditions from which luminescence can he achieved. 6 
Conclusion
In this paper2 we presented tools that could be used to study stability and reachability properties of biological systems, with application to quorum sensing in the marine bacterium Vibrio fischeri. We showed by simulation that a growing population determines building of a small molecule called autoinducer Ai and, eventually, luminescence. We presented how a reduced, hybrid model of the regulatory network can be constructed and emphasized its usefulness. Us- terns, we derived sufficient conditions for reachability of the stable luminescent state. While the results of the calculations performed in this paper are consistent with the experimental observations, it is premature to conclude that our models or the analysis provide a significantly new insight into the biology. The results however do point to a set of exciting directions for basic research in modeling and tool development which will eventually allow the in-silico design and analysis of biological networks, hypothesis generation, testing and evaluation thus complementing sophisticated but time consuming and expensive biological experiments. Our website h t t p : //www.cis.upenn.edu/-mobies /charon/ provides additional information about our programming language CHARON and analysis tools for hybrid systems. More information is also available at http://www.cis.upenn.edu/biocomp/.
